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Abstract 

     We are concerned in the paper with spectral properties of indefinite Sturm – Liouville type problems with Cauchy 

boundary conditions where differential equations coefficients are real valued integrable functions, and the spectral 

parameter is also purely complex number. And also we get bounds on the real and imaginary parts of indefinite Sturm- 

Liouville problem with cauchy conditions. 

 

1. Introduction  
      In this study, we derived the real and imaginary parts for an eigenvalue corresponding to the spectral problem 

     ( )    ( )                                                                                          (1) 

   ( )      ( )                                                                                                (2) 

where    ,   -      . 
 

The functions q and   are assumed to be real valued integrable functions, and   takes on positive and negative 

values on subsets of ,   - with the positive Lebesgue measure. Thus, indefinite Sturm-Liouville problems are used to 

define such a problem. 

 Many authors have obtained bounds of non-real eigenvalues for the different type of spectral problems [1],[3],[6], 

and [7].   

 

Jussi, Shaozhou, Friedrich, and Jaingang obtained boundaries in 2013 on non-real proper values of indefinite 

Sturm-Liouville Problems with Dirichlet boundary conditions where the Sturm-Liouville equation coefficients are real 

integrable functions [1].  

The main purpose of this paper is to prove boundaries on the unreal spectrum of second-order differential equation 

with Cauchy boundary conditions (1)-(2), and we get boundaries of the eigenvalue, and the authors [1]and [7 ] find 

boundaries of the eigenvalues of Sturm-Liouville's boundary conditions with Dirichlet. 

 

 2. Fundamental Results     

      In this section, we look at the issue (1)-(2) and progress on the boundaries obtained in [1]. 

Theorem 2.1 Suppose that there exists a function     (   ) such that  ( ) ( )    on (   )and let     be such 

that 

   |*  (   )  ( ) ( )   +|  
 

 (   )‖  ‖ 
   

Then for any non- real eigenvalue       of problem (1)-(2), we have  
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|    |  
 

 
√     ‖  ‖ (‖  ‖  √‖  ‖ 

   ( )| ( )| )

 

 

and  

|   |  
 

 
(‖  ‖  √‖  ‖ 

   ( )| ( )| )

 

(√     ‖  ‖   (   )‖ ‖ ‖  ‖ ) 

Proof. Let  ( ) be an eigenfunction corresponding to . Without loss of generality we can assume that ‖ ‖     

Multiplication of the differential equation in (1) by  ̅, and integration from x to b ∫     ̅   ∫  ( )  ̅   
 

 

 

 

∫   ( )  ̅  
 

 
 

 ∫  | |      ( )
 

 
 ̅( )  ∫ (|  |   ( )| | )

 

 
                                          (3) 

Taking the real and imaginary part of (3) gives 

(    ) ∫  | |      ,  ( ) ̅( )-
 

 
 ∫ (|  |   ( )| | )

 

 
                          (4) 

(    ) ∫  | |      ,  ( ) ̅( )-
 

 
                                                                    (5) 

Hence by setting     in (4) and (5) we obtain  

(    )∫  | |      ,  ( ) ̅( )-
 

 

 ∫ (|  |   ( )| | )
 

 

   

Since  ( )     then the conjucate of  ( ) that is    ̅( )    

(    )∫  | |    
 

 

∫ (|  |   ( )| | )
 

 

  

and  

(    )∫  | |      ,  ( ) ̅( )- 
 

 

 

Then   

(    )∫  | |     
 

 

  

∫  | |    ∫ (|  |   ( )| | )    
 

 

 

 
                                                             (6) 

Now, for each   ,   - we have that  

| |  |∫   
 

 
|  ∫ |  |

 

 
  √   ‖  ‖                                                                  (7) 

Moreover, putting  ( )  ∫   ( )
 

 
   for   ,   -, the relation (6) yields 

∫ (|  |   ( )| | )
 

 

   

∫ |  |   ∫  | | 
 

 

 

 

 

‖  ‖ 
   ∫  | | 

 

 
 ∫   | |

  

 
  =∫   | | 

 

 
 

And integrating by parts 

∫   | | 
 

 

  ( )| ( )|   ( )| ( )|   ∫  
 

 

| ||  | 

                   ( )| ( )|   ∫  
 

 
  (   ̅) 

                    ( )| ( )|   ‖  ‖ ‖ 
 ‖  

This implies   ‖  ‖ 
   ‖  ‖ ‖ 

 ‖   ( )| ( )|  

                ‖  ‖ 
   ‖  ‖ ‖ 

 ‖  ‖  ‖ 
  ‖  ‖ 

   ( )| ( )|  

               (‖  ‖  ‖  ‖ )
  ‖  ‖ 

   ( )| ( )|  

              ‖  ‖  ‖  ‖  √‖  ‖ 
   ( )| ( )|  

              ‖  ‖  ‖  ‖  √‖  ‖ 
   ( )| ( )|  

And | |  √   ‖  ‖  ,then  

‖ ‖  √   .‖  ‖  √‖  ‖ 
   ( )| ( )| /                                            (8) 

And  

‖  ‖  ‖  ‖  √‖  ‖ 
   ( )| ( )|                                                             (9) 

Now, let   *  (   )  ( ) ( )   +. 
Then we obtain from equations (7), (8) and (9) that 

∫   ( )∫  ( )
 

 

 

 

| ( )|      ∫   | | 
 

 

  ∫ | | 

  
 

                                                  =  (  ∫ | |  
) 
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                                                    (  ‖ ‖ 
 | |) 

                                                  
 

 
   

Hence, the relations (5),(8) and (9) imply    

|    | ∫ ∫  
 

 

 

 
| |    ∫   

 

 
  (   ̅)                                                                (10) 

 

 
|    |  |∫   

 

 

  (   ̅)| 

                ∫ |      |
 

 
 

                ‖ ‖ ‖ 
 ‖ ‖ 

 ‖  

                √   ‖  ‖ .‖  ‖  √‖  ‖ 
   ( )| ( )| /

 
 

|    |  
 

 
√   ‖  ‖ (‖  ‖  √‖  ‖ 

   ( )| ( )| )

 

 

So that the estimates on imaginary   is established. 

For the real part we exploit (4) and (6) to derive 
 

 
|    |  |∫   

 

 
( )(  (  ( ) ̅( ))  ∫ (|  |   | | ))  

 

 
|                        (11) 

        ‖ ‖ ‖ 
 ‖ ‖ 

 ‖  |∫  (|  |   | | )
 

 
| 

Now, setting    |  |    | |
 ,      | |

  and  

         |  |   | | , we obtain 

|∫   
 

 

|  ∫ |         |
 

 

 

               ‖ ‖ ∫ (     )
 

 
 

               ‖ ‖ ∫   | |
  

 
 

               ‖ ‖ ‖ ‖ 
 ‖  ‖  

 

 
|    |  ‖ ‖ ‖ 

 ‖ ‖ 
 ‖   ‖ ‖ ‖ ‖ 

 ‖  ‖             

  

 

√   ‖  ‖ .‖  ‖  √‖  ‖ 
   ( )| ( )| /

 
 

 ‖ ‖ (√   )
 
.‖  ‖  √‖  ‖ 

   ( )| ( )| /
 
‖  ‖  

 √   ‖  ‖ (‖  ‖  √‖  ‖ 
   ( )| ( )| )

 

  ( 

  )‖ ‖ (‖  ‖  √‖  ‖ 
   ( )| ( )| )

 

‖  ‖  

|    |  
 

 
(‖  ‖  √‖  ‖ 

   ( )| ( )| )

 

(√   ‖  ‖   (   )‖ ‖ ‖  ‖ ) 

Definition Let   be a real-valued function defined on the closed bounded interval ,   - and   *          + be a 

partition of ,   -. We define the variation of   with respect to P by  (   )  ∑ | (  )   (    )|
 
    

And the total variation of   on ,   - by   

  ( )     * (   )                   ,   -+. 
Definition A real valued function   on the closed, bounded interval ,   - is said to be of bounded variation on ,   - if 
  ( )     
Lemma 2.1[4] Let     and g be a functions of bounded variation on the closed interval J, then  

∫    (   
 
     

 
 ) (   

   
∫  
 

)
 

 

Where       ∫ |  ( )|
 

 and sup is taken over all compact subset of J.   

Lemma 2.2 Let   be of bounded variation over all of ,   -  that is   satisfies the inequality ∫ |  ( )|   
 

 
  Then for 

all   (   - and for every     there exist a    (   )    such that  

∫ | ( )| |  ( )|
 

 
  (   ) ∫ | ( )|   

 

 
  ∫ |  ( )|   

 

 
                                (12) 

Where   (   )  
 

   
 

 

 
 ,    ∫ |  ( )|

 

 
 

Proof. We assume Lemma 1 with f and g replaced by | |  and the variation of   satisfy the assumptions of Lemma 1 

we have that  

∫ | ( )| |  ( )|
 

 
 (   ,   -| ( )|

     ,   -| ( )|
 ) .∫ |  ( )|

 

 
/                 (13)  
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For   (   - 

   ,   -| ( )|
  

 

   
∫ | ( )|   
 

 
                                                                         (14) 

   
,   -

| ( )|  ∫ | | ( )| |
 

 

 ∫  
 

 

| ( )|| ( )|    

                                            ∫ |    ( ( ))(  ( )̅̅ ̅̅ ̅̅ ̅̅ )|
 

 
   

And by Cauchy Schwarz inequality  

∫ |    ( ( ))(  ( )̅̅ ̅̅ ̅̅ ̅̅ )|
 

 

    (∫ | ( )| 
 

 

)

 
 

(∫ |(  ( )| 
 

 

)

 
 

 

Hence,    ,   -| ( )|
   .∫ | ( )| 

 

 
/

 

 
.∫ |(  ( )| 

 

 
/

 

 
                                    (15) 

Let  ( )  .∫ | ( )| 
 

 
/

 

 
 and  ( )  .∫ |(  ( )| 

 

 
/

 

 
 

Then inserting (14), (15) in to (13) yields 

∫ | ( )| |  ( )|
 

 

 (
 

   
  ( )    ( ) ( ))∫ |  ( )|

 

 

 

For some   , we see that 

(
 

√ 
 ( )  √  ( ))

 

   

And so   ( ) ( )  
 

 
  ( )     ( ) 

Thus  

  ∫ | ( )| |  ( )|
 

 
 (

 

   
  ( )  

 

 
  ( )     ( )) ∫ |  ( )|

 

 
 

                               (.
 

   
 

 

 
/ ∫ | ( )|  

 

 
 ∫ |(  ( )| 

 

 
)∫ |  ( )|

 

 
        

Replacing   with 
 

 
  where     ∫ |  ( )|

 

 
 , we have   

∫ | ( )| |  ( )|
 

 
 (.

 

   
 

 

 
/ ∫ | ( )|     ∫ |(  ( )|   

 

 

 

 
)                      (16) 

Hence we obtain equation (12). 

Lemma 2.3 Let      (   ) and    . Then for all   (   - 

∫ | ( )|   ( )   
 

 
.

 

   
 

  

 
/ ∫ | ( )|     ∫ |(  ( )|   

 

 

 

 
                        (17) 

Where   ‖  ‖   *    (   )        ( )    (   )  ( )    ( )   +. 

Proof. This follows from Lemma 2.2 with  ( ) and  ( ) replaced by  ( ) and ∫     
 

 
, respectively, so that 

∫ |  ( )|  ∫ | (∫   ( )  
 

 
)|  ∫   ( )   

 

 

 

 

 

 
 

Using this result in (12), we have (17). 

Theorem 2.2 Suppose that there exists a function     (   ) such that      on (a,b) and let     be such that 

   *  (   )  ( ) ( )   +  where     is choosen such that      and 

| |  
 

 (   )‖  ‖ 
  

Then for any non- real eigenvalue       of problem (1)-(2), we have  

|    |  
 

 
‖  ‖ √   (   )‖  ‖   (‖  ‖  √‖  ‖ 

   ( )| ( )| ) 

And  

|   |  
 

 
(‖  ‖  √‖  ‖ 

   ( )| ( )| ) *‖  ‖ √   (   )‖  ‖   ( 

  ) (‖  ‖  √‖  ‖ 
   ( )| ( )| ) ‖  ‖ ‖ ‖ + 

Proof. From Equation (6) 

∫ |  |     ∫ | | 
 

 

 ( )   ∫ | | 
 

 

  ( )  
 

 

 

Which yields 

‖  ‖ 
  ∫ | | 

 

 
  ( )                                                                                         (18) 

We set     in equation (17) and insert the result in to the right hand side of the inequality in (18) to get 

∫ | | 
 

 
  ( )   .

 

   
 

 

 
/ ∫ | |   ∫ |  | 

 

 

 

 
        ‖  ‖                           (19)  

Hence   
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‖  ‖ 
  (

 

   
 
 

 
) ‖ ‖ 

   ‖  ‖ 
  

Such as in the proof of Theorem 2.1 we assume without loss of generality ‖ ‖     then  

    ‖  ‖ 
 (   )  

 

   
 

 

 
 

    ‖  ‖  √
 

(   )(   )
 

 

 (   )
        

Setting   
 

 
  we have that 

‖  ‖  √
 

   
  ‖  ‖                                                                                       (20) 

By inserting (20) in Equation (10) and (11) we get boundaries as shown in (21) and (22) below on the imaginary and 

real parts of non-real eigenvalues.  

|    |  
 

 
‖  ‖ √   (   )‖  ‖   .‖  ‖  √‖  ‖ 

   ( )| ( )| /        (21)        

And  
|   |  
 

 
.‖  ‖  √‖  ‖ 

   ( )| ( )| / 0‖  ‖ √   (   )‖  ‖   (  

 ) .‖  ‖  √‖  ‖ 
   ( )| ( )| / ‖  ‖ ‖ ‖ 1                          (22) 

Remark  

     We note that the boundaries in Theorem 2.2 are an improvement on the boundaries in Theorem 2.1 as long as 

‖  ‖  
  √  

 

   

 
    

 

3. Comparing the bounds  

     In this section, by approximating the imaginary eigenvalues of a special indefinite Sturm-Liouville problem and then 

comparing their volume with our result, we satisfy the above remark. 

 

Example:  

     ( )    ( )           

   (  )    ( )                           where    ,    -  . 

 ( )     
 √         

  √      

 ( )     
 √        

  √     

And if       then  ( )      √     

And since |    |    then | ( )|    

Let   ( )  

{
 
 

 
 

       (    )
 

  
   

 

 
      (    )

 
 

  
   

 

 
 

 

     (   )

     (   )

 

And  ( )  {
       (    )

      (   )
 

For   (    )  

  ( )  

{
 

 
 

  
  

 

 
     (    )

 
 

  
  

 

 
     (   )

          

  

Clearly, ‖ ‖   , ‖  ‖  √ |  | , ‖ 
 ‖  .∫ |  |   

 

  
/

 

 
 √

 

  
 

We are comparing the bounds of imaginary and real part of eigenvalue   in Theorem 2.1 and Theorem 2.2. 

By theorem 2.1 

      |    |  
 

 
√     ‖  ‖ .‖  ‖  √‖  ‖ 

   ( )| ( )| /
 
 

And  

|   |  
 

 
(‖  ‖  √‖  ‖ 

   ( )| ( )| )

 

(√     ‖  ‖   (   )‖ ‖ ‖  ‖ ) 

And by theorem 2.2 

|    |  
 √ 

 √  
  .‖  ‖  √‖  ‖ 

   ( )| ( )| / 
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|    |  
 

 
(

 

√  
  ‖  ‖ )  (‖  ‖  √‖  ‖ 

   ( )| ( )| ) 

Let      then according to the given data, we have  

| |  
 

  |  |
 

Where | | is the length between of the sub-interval (    ) on  ( ) ( )     In this case let | |     so that   
 

  |  |
. For the particular case when 

         we have that   
 

     
  thus we can set     

 

     
. So the bounds of real and imaginary part of 

eigenvalue by theorem 1 and theorem 2 respectively we get  

 |    |             , 
|    |             , 
|    |             , 
|    |             . 

 

Conclusion  

     In conclusion, we realized that the real and imaginary parts of the complex eigenvalue of an indefinite Sturm-

Liouville problem with Cauchy boundary conditions on the finite interval [a,b].  
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